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Hawking Thermal Radiation of the Dirac Particle
in Spherically Symmetric Nonstatic Space-Time
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The dynamical properties of Dirac spinor particles in a spherically symmetric
nonstatic space-time are studied. The explicit representative of the four-component
wave function of Dirac particles is obtained. The Dirac equation can be reduced
to the standard form of the wave equation near the event horizon by the proper
coordinate transformation. The event horizon location and Hawking radiation
temperature are obtained.

1. INTRODUCTION

A significant development in quantum field theory over the past 20
years is the discovery of the quantum mechanical nonstability of the black hole
(Gegenberg and Kunstatter, 1933). This important theoretical development not
only solved a contradiction in black hole thermodynamics, but also deeply
revealed the contact of quantum mechanics, thermodynamics, and gravity.

In the universe a black hole surely changes with time because of evapora-
tion and accretion, so it is important to study its Hawking radiation in order
to completely understand it.

A popular method to study a Hawking nonstatic black hole considering
the radiation backreaction is to use the theory of quantum fields in curved
space-time, but this theory is useful only for weak radiation and is compli-
cated. In recent years, we suggested a new research approach and obtained
the Hawking radiation temperature of a Klein—Gordon particle for every
nonstatic space-time.

In this paper, we study the dynamic forms of the Dirac particle in
spherically symmetric nonstatic space-time. By using the proper coordinate
we obtain the solution of the equation of the Dirac particle, which shows
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that the static mass is not zero near the black hole event horizon in spherically
symmetric nonstatic space-time, and we obtain the corresponding Hawking
thermal spectrum formula.

2. THE DIRAC EQUATION IN SPHERICALLY SYMMETRIC
NONSTATIC SPACE-TIME

In spherically symmetric nonstatic space-time, the linear element is
(Zhao, 1993)

ds? = goodv® + 2gaidv dr — r}(de* + sin®0 d¢?) 1)

We use the signature (+, —, —, —), and ggo = goo(¥, 7), 801 = &a1(V, 7). The
zero frames form of the metric is

ds* = (I, dx*)(n,dx*) + (n,dx*)(l,dx")
— (m,dx¥)(m,dx") — (m,dx*)(m,dx") 2

and we select the zero frames as follows
1
l"t = [:2' 800> 801s 0, 0:], n, = [1, 0.0, 0] (3)

m, = —ﬁ [0,0.1,isin0], im, = _Jr—i [0.0, 1, — i sin 0]
From (3), we get
z»=[1, -1""’#”,0,0], nt = [o,i,o,O] (4)
2 goi 8o
1 i

1 i
b= — s ,_17——._9 mt = — 030’_19-
" ﬁr [0 0 sin 6] " ﬁ [ sin 6]

Equations (3) and (4) are zero vectors and satisfy pseudo-orthogonal and
metric conditions. From (4) the direction differentials are

popd _Ld
axt* gmér
d 1 d id
= [ e 5
8=m axt ﬁr(aﬂ Siﬂﬂ&cp) ®)

s—mpd oL (s _ 0
30  sin 6 dg
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From (3) and (4), according to (4.1a) in Newman and Penrose (1963), we
obtain the spin coefficients as follows:

&oo 1 1

= s = —, o= ctg 0;
: 2rgo " r8o1 Zﬁr 8
0 d
€ = 1 9gm 1 980 (6)

= —q, K:(]-:T:'y:)\:ﬁn':v:o
The Dirac particle’s field equation in spin coordinate form in curved space-
time is
. Mo —= -
VaigP2 +i—=0 =0, Va2 +i—=Pz =0 7
AB \/‘2‘ QB ABQ \/5 B ( )

where P# and Q* are two-component spinors, V5 is the covariant differentia-
tion, and . is the static mass of the Dirac particle.
Using the zero frames, (7) can be reduced to

(D+e—p)Fl+(§+1r—a)F2=i%Gl
(A+p,—'y)F2+((8+B—-'r)F1=i;—%G2 "
(D+E—§)Gz—(8+ﬁ—&)Gl=i%Fz

R — T, 7 = . Ko
A+ -G, —O@+B -G, =i—=F
( R=YG —0@+B -G =i Nk
where F; = PO, F, =P, G, = @, and G, = —@. The explicit representa-
tions of D, A, 8 and €, p, , o, B, T, b, and vy are (5) and (6), respectively.
Substituting (5) and (6) into (8), we get
(6 8w 9 1 380 1 98w oo )
e P T

v 2gy or 2gy v 4g0; Or 2rgo

1 0 i 0 1 i
— = ——— 4+ =ctg 6 |F, - — =0
ﬁr (86 sin 0 do ch )2 \/EMGI ©)

1 9 1 1 a i 0 1 i
L8 (2 Ly cge)r - G =0
(gm or rgm)/2 ﬁr(BB sin®dp 2 g )1 \/i}ko 2
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3\: B 2gog1 dr  2gg1 OV 494, Or 2rgo 82

(a 80 9, 1 g 1 98w goo)

L (o, i 8 1 i
T+ 242 -1 =
Jr (ae sin0og 28 O)G‘ JZhef =0

(ia%+ _’%10_1)81 + %r(% - Ei_e%-‘_ %ctg(—))Gz - -ﬁp.oFl =
Assuming that

Fy = €™fi(v, r,0), F, = €™f,(v, r, 6)

G, = e™g,(v, 1, 0), G, = €™g,(v, 1, 0) (10)
we separate Variables as follows:

fi=R.(nNS_(0), f,=R.(v1)S.(6)

&I =R.(vnNS_(0), g =R_(vnNS.(6) (1)
Thus (9) can be reduced to

‘/—EER_ = (ipmeT + MR, (12)
8o
l—i E*R, = (ipmgr — MR (13)
8o1
F*S, = \S_ (14)
FS_ = —\S, (15)
where
g 57 2 800 ar 2 ov 4 or 25w or
d m 1 0 m 1
= — — — 4+ =ct t e — b — =
F=% snotz98® F =g+559 T2

A is a constant of separation of variables. The radial equation can be reduced to

8oo 3°R ) 0°R_ + ( 2ipg 4) oR_ N <3g___00 _ 1 dgnm

ipor + A B r ov rgoi go1 OV

8o1 6r2 ar ov

0 i) j
+_§_ﬂ_g_00ﬂ__"%ﬂ_)_+3_lg_= (16)
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where

g — L %idn 1 P 1 w1 8038w 1 98w

g5 or v gy drdv  2gy Or*  2g3 or or  rgy or

Zoo 0801 , 8oo 1 dgo 1
eyl e 3
g5 or  r’ga rgm v r

+ ipo (1 dgn 1 9800 goo)

A+ ipgr \go ov 2gq, Or 8o

3. HAWKING EVAPORATION OF DIRAC PARTICLE NEAR THE
BLACK HOLE HORIZON

Introducing the tortoise coordinates (Zhao et al., 1996)
r, = In[r — ry(v)], Ve = JA (ty, V) dv an

where ry(v) is the horizon radius of the black hole, we have

+ 27yg4
8oo Fugo1 +£i]

Alrg, v) = —
V) [ 8o1 2w

i) i)
G+ [Lﬁ_;ﬂ_ 800]
g v 280 Or  rugord,.

Here w is a constant
Equation (16) can be reduced to

goo/Son + ru R-  _ FR_ oo 27y
r—ry ork ovor, go(r—rp) r—ry
[ 2 4 3 9801 , 8oo 98o1 IMoT8oo dR_
R B hc LR L (UNSR i R (e
ipgr + N r 2go1 Or gt or (irpo + Ngoi J dr,
i2 4 oR_
+(r—rBR+ [ —2 —ar - ===0 (18)
iwgr + N r v,

We will consider the asympotic forms of (18) near the horizon when r —
ry. In order to make the limit of the coefficient of 3> R—/dr? finite, we must
demand that the particle satisfy

lim [goo + 274801] = 0 (19)

rery
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That is,
[goo + 27ugo1)r=ry = 0 (20)

Equation (20) is the equation that decides the location of black hole horizon
surface; it is in concordance with the conclusion of the null-surface equation.
Thus

.80t 2fugor _ 8oo T 27ugo|
lim =
r—ry 8oi(r — ra) 8ot |,=,H

ey

where g {0 = 9g00/9r, g01 = 9g01/0r. Then, near r = ry; (18) can be reduced to

bo + 2Fygd *R_ 3*R_ dR_
_[800 mgm:l +24 + oo 22)
got rery ory v, or, or,
Two solutions for (22) are
RT = e—io)v* (23)
mut — e—imv*eZimr* (2 4)

We know the vibration frequency iIL (23) and (24) at the condition that the
time coordinate is v,; now we let w be the vibration frequency when the
time coordinate is v; thus

v, = OV (25)
From (17) we get
w=24+2 (26)
K K

where

— ’ + 2 . !
o = 1 f G dv K= —II [g________oo ngm] dv
2v v go1 —ry

Then (23) and (29) can be reduced to
Rt = g~for @7
Rout = e—EreZiGr*ilxe—Zm’r*/K (28)

(28) is not analytic at r = rg; according to Damour and Ruffini (1976), the
only analytic continuation to the inside of the horizon through the lower
half-plane,

(r—ry) — lr = rgle™™ = (ry — N~ (29)
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Thus
—iwv ,2iordk ,—2w' re/k
out — J€ € e , r>ry
R% {R(iuteZm/KeZw’i/K, r< ry (30)
The scattering probability of the outgoing wave R°“ at the horizon is
RO _
Rgm = ¢ —4nwilk (31)
where
_R(f“ = Ro_utEZEIKEZm'i/K
Following Sannan (1988) we have
_ 1
No= @i G2
— o0 + 2ru80
= —1 [ |8 H801 v 33)
47y 8o —ry

4. CONCLUSION

Equation (32) is the Hawking radiation thermal spectrum formula of a
Dirac particle on a spherically symmetric nonstatic black hole horizon surface.
It contains a temperature parameter determined by the space-time metric
components ggo and go;.

There are some particular examples as follows:

1. Vaidya black hole (Balbinot, 1986; York, 1984):

ds® = [1 - 2M_r(v)] avt — 2dv dr — r* dOP (34)

Substituting (34) into (20) and (33), we get
_ 2M(v)

T <2y (35)
r=-L [MO),, (36)
2wy | rg

2. The spherically symmetric black hole (York, 1984)

ds* = e”’(l - @) av? — 2eV dv dr — r? dO? 37
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where ¢ = Y(v, r), M = M (v, r).
Substituting (37) into (20) and (33), we get

. 2M®W)
T T " orge %)
1 2M\ o oM 2M L
= Wl ——)— 4+ 2e¥— + ¥ — — —
T 41riJ [e (1 " ) o 2e ar e " 2iy ar]f:f,, dv (39)

From the discussion above, the energy spectrum of the Dirac particle near a
black hole horizon surface has the form of black hole radiation. We obtain
the equations giving the location of the event horizon and the Hawking
radiation temperature. These 4-results coincide with the results from studying
scalar particles (York, 1984). We avoid the difficulty of finding the energy-
momeutum tensor and provide a way for studying the thermal effect of Dirac
particles in nonstatic space-time.
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